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Refresher on random variables and information theory

1.1
The mean of a random variable X is given by its expected value, E[X]. Similarly,
the variance of a random variable is given by the expected value of the squared
deviation from the mean, Var(X) = E[(X − E[X])2 ]. Show that the variance
can be equivalently written as Var(X) = E[X 2 ] − E[X]2 .

1.2
2
).
Let X define stimuli drawn randomly from a Gaussian distribution, X ∼ N (0, σX
2
).
Assume that these stimuli are corrupted by additive Gaussian noise Z ∼ N (0, σZ
The resulting signal can be written as another random variable Yi = Xi + Zi .
2
2
Find an expression for Var(Y ) in terms of σX
and σZ
.

1.3
The mutual information between stimuli s ∈ S and neural responses r ∈ R is
given by:


XX
p(r, s)
I(R; S) =
p(r, s) log2
.
p(r)p(s)
r∈R s∈S

Show that this can be equivalently written as I(R; S) = H(R) − H(R|S), where
X
H(X) = −
p(x) log2 p(x)
x∈X

is the entropy of X, and
H(X|Y ) = −

XX


p(x, y) log2

x∈X y∈Y

1

p(x, y)
p(y)



is the conditional entropy of X given Y . Convince yourself that if the response
is completely determined by the stimulus, the mutual information is equivalent
to the entropy of the response distribution.

1.4
Consider a deterministic encoder that can produce N = 2 discrete response
values (i.e., this encoder takes an incoming stimulus s and produces one of two
responses, r1 or r2 ). Show that this encoder maximizes information transmission
when p(r1 ) = p(r2 ) = 1/2. How much information does the encoder transmit in
this case?

1.5
The result you derived in the previous problem holds more generally; a deterministic encoder that produces N discrete responses ri , i ∈ [1, N ], conveys a
maximum of log2 (N ) bits of information when p(ri ) = 1/N for all i. Assign
discrete spike counts k (with k ∈ [0, N − 1]) to the discrete outputs of this
optimal encoder. What assignment minimizes the average spike count of the
output? Now imagine that you design a suboptimal encoder that produces response r1 with probability p1 = 1/3, response r2 with probability p2 = 1/3, and
all other responses ri with probability pi = 1/[3(N − 2)]. What assignment of
spike counts minimizes the average spike count of the output?
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Optimizing nonlinear encoders

*2.1 Construct a nonlinear encoder.
Now, consider an encoder that transforms incoming stimuli into discrete spike
counts via a saturating nonlinearity. Write a function that performs this transformation. First, write a function that maps a stimulus onto a continuous value
between 0 and 1 via a sigmoidal nonlinearity with slope k and offset x0 . Then,
discretize the output of this nonlinearity into N evenly spaced values (try using
N = 8 as a start; you can always change this later). Finally, map these output
values onto discrete spike counts. The result should be a function that takes a
continuously-valued stimulus as an input, and produces one of N discrete spike
counts as an output, based on the parameters k and x0 .

*2.2 Generate a stimulus distribution.
Consider an environment that that generates stimuli from a Gaussian distribution with mean µ and variance σ 2 . Write a function to generate stimuli from
this distribution. For the time being, use µ = 0 and σ = 1 (you’ll vary these
shortly).
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*2.3 Visualize the output of your encoder.
Plot the output of your encoder for a range of stimuli drawn randomly from
your stimulus distribution. Superimpose the sigmoidal nonlinearity that you
generated above (note that you will have to rescale this nonlinearity based on
the maximum spike count produced by your encoder).

*2.4 Maximize the output entropy of your encoder.
Determine the parameters of the nonlinearity that maximize the entropy of the
distribution of spike counts, given this stimulus distribution as an input. Do
this in multiple steps to better understand the results: (1) Generate two vectors
of parameters, one for possible values of k, and another for possible values of
x0 . (2) For each combination of k and x, determine the entropy of the response
distribution. You’ll need to write a function to compute this entropy from the
output of the encoder. Store these values in a matrix H(k, x0 ). (3) Plot H
(this should be an “entropy surface” computed over different values of k and
x0 ); do the results make sense? How many maxima are there? (4) Find the
parameter values corresponding to each maximum, and determine the values of
these maxima. Are these maximum entropy values consistent with what you
would have expected given the discreteness of your encoder? (5) Compute the
average “firing rate”, or output spike count, of your encoder. Does this value
make sense?

2.5

Minimize reconstruction error.

Maximizing the information that neural responses convey about the stimulus
distribution says nothing about whether, or how, an estimate of the stimulus
should be recovered from the neural responses. For this, we need to decode
an estimate of the stimulus, ŝ, from the response. Design a simple linear decoder that minimizes the reconstruction error, (s − ŝ)2 , when averaged over
the stimulus distribution (we will denote this average with angle brackets, i.e.
h(s − ŝ)2 i). Check that your decoder produces something sensible by plotting
the reconstructed stimuli against their true values.
Now, use this decoder to find the parameters of the nonlinearity that minimize the average reconstruction error h(s − ŝ)2 i. As before, construct an “error
surface” E(k, x0 ) that specifies the average reconstruction error as a function
of different parameter combinations. Plot this error surface (try plotting the
error on a log scale); how many minima are there? Find the parameter values
corresponding to each minimum.
Finally, use these optimal parameters to encode your distribution of stimuli.
What is the entropy of the response distribution? How does this compare to
the value you obtained when you directly maximized the entropy? What is the
average firing rate, and how does this compare the value you found earlier? Plot
the reconstruction error (s − ŝ)2 as a function of s. Which stimuli are encoded
with highest accuracy?
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2.6

Vary the stimulus distribution.

The parameters of your optimal nonlinearity depend on the properties of your
stimulus distribution (why does it make sense for these to depend on each
other?). Intuitively, how do you expect these parameters to change as you
vary the mean and variance of your Gaussian stimulus distribution? Sketch
this out. To test your intuition, vary the mean µ of your stimulus distribution
(keeping the variance fixed), and compute the optimal values of k and x0 as a
function of µ. Plot your results; from these, can you deduce expressions for k
and x0 in terms of µ?
Repeat this, now changing the variance σ 2 of your stimulus distribution
while keeping the mean fixed. Plot the optimal values of k and x0 as a function
of σ 2 . As before, can you deduce expressions for k and x0 in terms of σ 2 ? To
help with this, try plotting your results on a log-log scale.

2.7

Add input noise.

Consider your original Gaussian stimulus distribution with mean µ = 0 and
2
variance σ = 1. Now add Gaussian noise of varying power σin
to the stimulus.
We will call this input noise, because it is added to the stimulus before passing it
through the encoding nonlinearity. Based on the results of the previous problem,
how do you expect the parameters of the optimal nonlinearity to scale with noise
power? Check this intuition by finding the optimal nonlinearity parameters as
2
a function of σin
.

2.8

Add output noise.

Instead of adding input noise directly to the stimulus, add noise the output
of your nonlinear encoder, before your decoding step. Use Gaussian noise of
2
. How do the optimal parameters of your nonlinearity depend
varying power σout
2
on σout ? Compare this to the results you found for adding the same amount of
noise at the input.

2.9

Explore implications for adaptation.

You should have found earlier that the offset of the optimal nonlinearity is
aligned with the mean of the Gaussian stimulus distribution (i.e., x∗0 = µ), and
the slope is inversely related to the standard deviation (i.e., k ∗ = 1/σ) (if you
didn’t find this, go back and check your earlier results).
The optimization that you used to you determine these parameters was performed under the assumption that the system “knows” the true input distribution and can tune the parameters of the encoder accordingly. Instead, assume
that the system maintains a belief, or expectation, that incoming stimuli are
drawn from a Gaussian distribution with mean µ̂ and variance σ̂ 2 . Your earlier
results still hold; in this case, the system should optimally choose the parameters
of its nonlinearity based on its belief; i.e., x0 = µ̂ and k = 1/σ̂. In general, this
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belief might not be accurate; in other words, µ 6= µ̂, σ 2 6= σ̂ 2 . This difference
between true and expected properties of the stimulus distribution can lead to
large differences in the output of the encoder.
To get a feel for this, consider a scenario in which the variance of the Gaussian stimulus distribution is fixed and known to the system (i.e., σ 2 = σ̂ 2 = 1),
but the mean can change in time. Compute the average reconstruction error
h(s − ŝ)2 i for different values of the true mean µ, assuming the system maintains a given estimate of the mean µ̂. Repeat this for different values of µ̂ to
construct an error surface, E(µ, µ̂). Compute two related matrices, one that
measures the average spike counts, K(µ, µ̂), and another that measures the entropy of the spike count distribution, H(µ, µ̂). Are these matrices symmetric?
These symmetries tell you how the system responds to overestimating versus
underestimating the mean of incoming stimuli.
Repeat for the scenario in which the mean of the Gaussian stimulus distribution is fixed and known to the system (i.e., µ2 = µ̂2 = 1), but the variance
can change in time. Do these matrices share the same symmetries as those that
you found in the variable-mean case? Why or why not?
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